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Clear@mDrift, mQuadF, mQuadD, mEdge, mSector, mQuad, mDipole, mTXD
Clear@x, h, k, e, dD
Clear@sequence, sequenceT, symmetry, nofelementsD
Clear@xQF, kF, xQD, kD, xB, xd1, xd2, hB, angleD
Clear@kineticenergy, restenergy, gamma, beta, momentum, rigidityD
Clear@numberofperiods, dipolelength , quadlength,
driftlength , bendingangle, dipolefield , curvatureD
Clear@periodlength, circumference, phaseadvance, kparameter, gradientD
Clear@namel, indx, length, curv, grad, anglD
Clear@s, t, find, fCurvature, fGradient, mElement, mTrans, mTransportD
Clear@cH, fpsiH, cV, fpsiV, fbetaH, fbetaV,
falphaH, falphaV, fgammaH, fgammaV, fetaH, fetpH, falphaPD
Clear@mTransEta, mTransEtaP, mTransFP, mTransFPP,
mTransbtH, mTransbtV, mTransPsiH, mTransPsiVD
Clear@mTransAlphaH, mTransAlphaV, mTransPathLD
Clear@yH, yV, nH, nV, QH, QV, aP, gTD
Clear@eps, chromDH, chromDV, chromIH, chromITD
Clear@pltH, pltV, pltED
Clear@ht, cl, mtblN, mR, RD
Clear@mTableH, DpD
Clear@pltstl, plt, pltAD

INGREDIENTS
mDrift@x_, 0, 0, 0, 0D := 881, x, 0, 0, 0, 0<, 80, 1, 0, 0, 0, 0<,80, 0, 1, x, 0, 0<, 80, 0, 0, 1, 0, 0<, 80, 0, 0, 0, 1, 0<, 80, 0, 0, 0, 0, 1<<
mQuadF@x_, 0, k_, 0, d_D :=88Cos@x Sqrt@kê H1 + dLDD, Sin@x Sqrt@kê H1 + dLDDê Sqrt@kê H1 + dLD, 0, 0, 0, 0<,8- Sqrt@k ê H1 + dLD Sin@x Sqrt@k êH1 + dLDD, Cos@x Sqrt@k êH1 + dLDD, 0, 0, 0, 0<,80, 0, Cosh@x Sqrt@k ê H1 + dLDD, Sinh@x Sqrt@k ê H1 + dLDD êH Sqrt@k ê H1 + dLDL, 0, 0<,80, 0, Sqrt@k ê H1 + dLD Sinh@x Sqrt@k ê H1 + dLDD, Cosh@x Sqrt@kê H1 + dLDD, 0, 0<,80, 0, 0, 0, 1, 0<, 80, 0, 0, 0, 0, 1<<
mQuadD@x_, 0, k_, 0, d_D := 88Cosh@x Sqrt@k ê H1 + dLDD,

Sinh@x Sqrt@kê H1 + dLDDê Sqrt@kê H1 + dLD, 0, 0, 0, 0<,8Sqrt@kê H1 + dLD Sinh@x Sqrt@k ê H1 + dLDD, Cosh@x Sqrt@k ê H1 + dLDD, 0, 0, 0, 0<,80, 0, Cos@x Sqrt@kê H1 + dLDD, Sin@x Sqrt@kê H1 + dLDDêH Sqrt@k ê H1 + dLDL, 0, 0<,80, 0, -Sqrt@kê H1 + dLD Sin@x Sqrt@kê H1 + dLDD, Cos@x Sqrt@k êH1 + dLDD, 0, 0<,80, 0, 0, 0, 1, 0<, 80, 0, 0, 0, 0, 1<<
mEdge@0, h_, 0, e_, d_D := 881, 0, 0, 0, 0, 0<, 8h Tan@eD ê H1 + dL, 1, 0, 0, 0, 0<,80, 0, 1, 0, 0, 0<, 80, 0, -h Tan@eD ê H1 + dL, 1, 0, 0<,80, 0, 0, 0, 1, 0<, 80, 0, 0, 0, 0, 1<<
mSector@x_, h_, 0, 0, d_D := 88Cos@x h ê Sqrt@1 + dDD,

Sin@x hê Sqrt@1 + dDDê Hh ê Sqrt@1 + dDL, 0, 0, 0, H1 - Cos@x h ê Sqrt@1 + dDDLê h<,8-h ê Sqrt@1 + dD Sin@x h ê Sqrt@1 + dDD, Cos@x h êSqrt@1 + dDD, 0, 0, 0,
Sin@x h ê Sqrt@1 + dDD ê Sqrt@1 + dD<, 80, 0, 1, x, 0, 0<, 80, 0, 0, 1, 0, 0<,8Sin@x h ê Sqrt@1 + dDD Sqrt@1 + dD, H1 + dL H1 - Cos@x h ê Sqrt@1 + dDDLê h, 0,
0, 1, Hx - Sin@x h êSqrt@1 + dDDê H h ê Sqrt@1 + dDLL<, 80, 0, 0, 0, 0, 1<<

mQuad@x_, 0, k_, 0, d_D := If@k ¥ 0, mQuadF@x, 0, k, 0, dD , mQuadD@x, 0, -k, 0, dDD
mDipole@x_, h_, 0, e_, d_D :=
mEdge@0, h, 0, e, dD . mSector@x, h, 0, 0, dD. mEdge@0, h, 0, e, dD
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Array@mTX, 3D;
mTX@1D@x_, h_, k_, e_, d_D := mDrift@x, 0, 0, 0, 0D;
mTX@2D@x_, h_, k_, e_, d_D := mDipole@x, h, 0, e, dD;
mTX@3D@x_, h_, k_, e_, d_D := mQuad@x, 0, k, 0, dD ;
MatrixForm@mDrift@x, 0, 0, 0, 0DD;
MatrixForm@mEdge@0, h, 0, e, dDD;
MatrixForm@mQuadF@x, 0, k, 0, dDD
MatrixForm@mSector@x, h, 0, 0, dDD;i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

CosAx"#########kÅÅÅÅÅÅÅ1+d E SinAx"###########kÅÅÅÅÅÅÅÅÅ1+d EÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ"###########kÅÅÅÅÅÅÅÅÅ1+d

0 0 0 0

-"#########kÅÅÅÅÅÅÅ1+d SinAx"#########kÅÅÅÅÅÅÅ1+d E CosAx"#########kÅÅÅÅÅÅÅ1+d E 0 0 0 0

0 0 CoshAx"#########kÅÅÅÅÅÅÅ1+d E SinhAx"###########kÅÅÅÅÅÅÅÅÅ1+d EÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ"###########kÅÅÅÅÅÅÅÅÅ1+d

0 0

0 0 "#########kÅÅÅÅÅÅÅ1+d SinhAx"#########kÅÅÅÅÅÅÅ1+d E CoshAx"#########kÅÅÅÅÅÅÅ1+d E 0 0

0 0 0 0 1 0
0 0 0 0 0 1

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz
INPUT

ü Element Sequence

sequence = 8QuadF, Drift1, Dipole, Drift2, QuadD<;
symmetry = True;
QuadF = 8"QuadF", 3, xQF, 0, kF, 0<;
Drift1 = 8"Drift1", 1, xd1, 0, 0, 0<;
Dipole = 8"Dipole", 2, xB, hB, 0, angle<;
Drift2 = 8"Drift2", 1, xd2, 0, 0, 0<;
QuadD = 8"QuadD", 3, xQD, 0, kD, 0<;
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ü General Parameters

kineticenergy = 1.0; H* GeV *L
restenergy = 0.93826; H* GeV *L
gamma = 1 + kineticenergyê restenergy;
beta = Sqrt@1 - 1ê gamma^2D;
momentum = beta gamma restenergy; H* GeVêc *L
rigidity = 3.3356 momentum; H* Tesla-m *L
numberofperiods = 27;
dipolelength = 2.5; H* m *L;
quadlength = 0.5;H* m *L
driftlength = 1.0;H* m *L
bendingangle = p ê numberofperiods; H* rad *L
dipolefield = bendingangle rigidity ê dipolelength; H* Tesla *L
curvature = dipolefieldê rigidity; H* m *L
periodlength = 2 Hdipolelength + quadlength + 2 driftlengthL; H* m *L
circumference = numberofperiods periodlength; H* m *L
phaseadvance = 90; H* degrees *L
kparameter = 4 Sin@p phaseadvance ê 360D ê Hperiodlength quadlengthL; H* 1êm2 *L
gradient = kparameter rigidity; H* Tesla ê m *LH* *L;

ü Substitution

xQF = quadlength ê 2;
xQD = quadlength ê 2;
kF = kparameter;
kD = -kparameter;
xd1 = driftlength;
xd2 = driftlength;
hB = curvature;
angle = bendingangleê2;
xB = dipolelength;

SOLUTION

ü Progressive Transfer Matrices

sequenceT = If@symmetry ã True, Join@sequence, Reverse@sequenceDD, sequenceD;
numberofelements = Length@sequenceTD;
Array@indx, numberofelementsD; Array@length, numberofelementsD;
Array@curv, numberofelementsD; Array@grad, numberofelementsD;
Array@angl, numberofelementsD; Array@namel, numberofelementsD;
Array@s, numberofelements + 1, 0D;
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Do@namel@iD = sequenceT@@iDD@@1DD, 8i, numberofelements<D;
Do@indx@iD = sequenceT@@iDD@@2DD, 8i, numberofelements<D;
Do@length@iD = sequenceT@@iDD@@3DD, 8i, numberofelements<D;
s@0D = 0; Do@s@iD = s@i - 1D + length@iD, 8i, numberofelements<D;
Do@curv@iD = sequenceT@@iDD@@4DD, 8i, numberofelements<D;
Do@grad@iD = sequenceT@@iDD@@5DD, 8i, numberofelements<D;
Do@angl@iD = sequenceT@@iDD@@6DD, 8i, numberofelements<D;
periodlength = s@numberofelementsD;
find@t_D := Which@t § s@1D, 1, s@1D < t && t <= s@2D, 2, s@2D < t && t <= s@3D,

3, s@3D < t && t <= s@4D, 4, s@4D < t && t <= s@5D, 5, s@5D < t && t <= s@6D, 6,
s@6D < t && t <= s@7D, 7, s@7D < t && t <= s@8D, 8, s@8D < t && t <= s@9D, 9, s@9D < t , 10D;

fCurvature@t_D := Hj = find@tD; curv@jDL;
fGradient@t_D := Hj = find@tD; grad@jDL;
Array@mElement, numberofelementsD;
Array@mTrans, numberofelements + 1, 0D;
Do@mElement@iD@x_, h_, k_, e_, d_D := Evaluate@mTX@indx@iDD@x, h, k, e, dDD,8i, numberofelements<D;
mTrans@0D@d_D := IdentityMatrix@6D;
Do@mTrans@iD@d_D :=

Evaluate@mElement@iD@length@iD, curv@iD, grad@iD, angl@iD, dD . mTrans@i - 1D@dDD, 8i,
numberofelements<D;

mTransport@t_, d_D :=Hi = find@tD; x = t - s@i - 1D;
mElement@iD@x, curv@iD, grad@iD, angl@iD, dD . mTrans@i - 1D@dDL

ü Momentum Dependence of Initial Twiss Parameters

Clear@t, dD
t = periodlength;
cH@d_D :=HmTransport@periodlength, dD@@1, 1DD + mTransport@periodlength, dD@@2, 2DDLê 2;
fpsiH@d_D := 0.5 ArcCos@cH@dDDê p;
cV@d_D :=HmTransport@periodlength, dD@@3, 3DD + mTransport@periodlength, dD@@4, 4DDLê 2;
fpsiV@d_D := 0.5 ArcCos@cV@dDDê p;
fbetaH@d_D := Abs@mTransport@periodlength, dD @@1, 2DDD ê Sqrt@1 - cH@dD^2D;
fbetaV@d_D := Abs@mTransport@periodlength, dD @@3, 4DDD ê Sqrt@1 - cV@dD^2D;
falphaH@d_D :=HmTransport@periodlength, dD@@1, 1DD - mTransport@periodlength, dD@@2, 2DDLêH2 Sqrt@1 - cH@dD^2DL;
falphaV@d_D := HmTransport@periodlength, dD@@2, 2DD -

mTransport@periodlength, dD@@4, 4DDLêH2 Sqrt@1 - cV@dD^2DL;
fgammaH@d_D := H1 + falphaH@dD^2Lê fbetaH@dD;
fgammaV@d_D := H1 + falphaV@dD^2Lê fbetaV@dD;
fetaH@d_D := HmTransport@periodlength, dD@@1, 2DD mTransport@periodlength, dD@@2, 6DD -

mTransport@periodlength, dD@@1, 6DDHmTransport@periodlength, dD@@2, 2DD - 1LL êH2 H 1 - cH@dDLL;
fetapH@d_D := HmTransport@periodlength, dD@@2, 1DD mTransport@periodlength, dD@@1, 6DD -

mTransport@periodlength, dD@@2, 6DDHmTransport@periodlength, dD@@1, 1DD - 1LL êH2 H 1 - cH@dDLL;
falphaP@d_D := HmTransport@periodlength, dD@@5, 1DD fetaH@dD +

mTransport@periodlength, dD@@5, 2DD fetapH@dD +
mTransport@periodlength, dD@@5, 6DDL ê periodlength;
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ü Local Lattice Parameters

Clear@t, dD
mTransEta@t_, d_D := mTransport@t, dD@@1, 1DD fetaH@dD +

mTransport@t, dD@@1, 2DD fetapH@dD + mTransport@t, dD@@1, 6DD;
mTransEtaP@t_, d_D := mTransport@t, dD@@2, 1DD fetaH@dD +

mTransport@t, dD@@2, 2DD fetapH@dD + mTransport@t, dD@@2, 6DD;
mTransFP@t_, d_D := d mTransEta@t, dD;
mTransFPP@t_, d_D := d mTransEtaP@t, dD;
mTransbtH@t_, d_D := fbetaH@dD mTransport@t, dD@@1, 1DD^2 - 2 mTransport@t, dD@@1, 1DD

mTransport@t, dD@@1, 2DD falphaH@dD + fgammaH@dD mTransport@t, dD@@1, 2DD^2;
mTransbtV@t_, d_D := fbetaV@dD mTransport@t, dD@@3, 3DD^2 - 2 mTransport@t, dD@@3, 3DD

mTransport@t, dD@@3, 4DD falphaV@dD + fgammaV@dD mTransport@t, dD@@3, 4DD^2;
mTransPsiH@t_, d_D := ArcTan@fbetaH@dD mTransport@t, dD@@1, 1DD -

falphaH@dD mTransport@t, dD@@1, 2DD, mTransport@t, dD@@1, 2DDD;
mTransPsiV@t_, d_D := ArcTan@fbetaV@dD mTransport@t, dD@@3, 3DD -

falphaV@dD mTransport@t, dD@@3, 4DD, mTransport@t, dD@@3, 4DDD;
mTransAlphaH@t_, d_D := H1 + 2 mTransport@t, dD@@1, 2DD mTransport@t, dD@@2, 1DDL 

falphaH@dD - mTransport@t, dD@@2, 1DD mTransport@t, dD@@1, 1DD fbetaH@dD -
mTransport@t, dD@@1, 2DD mTransport@t, dD@@2, 2DD fgammaH@dD;

mTransAlphaV@t_, d_D := H1 + 2 mTransport@t, dD@@3, 4DD mTransport@t, dD@@4, 3DDL 
falphaV@dD - mTransport@t, dD@@4, 3DD mTransport@t, dD@@3, 3DD fbetaV@dD -
mTransport@t, dD@@3, 4DD mTransport@t, dD@@4, 4DD fgammaV@dD;

ü Evolution of Path Length and Chromaticity

eps = 0.0001;
chromDH = 0.5 HfpsiH@epsD - fpsiH@-epsDL ê Heps fpsiH@0DL;
chromDV = 0.5 HfpsiV@epsD - fpsiV@-epsDL ê Heps fpsiV@0DL;
chromIH = 0; chromIV = 0;
Do@chromIH += +curv@iD Tan@angl@iDD HmTransbtH@s@i - 1D, 0D + mTransbtH@s@iD, 0DL,8i, numberofelements<D;
Do@chromIV += -curv@iD Tan@angl@iDD HmTransbtV@s@i - 1D, 0D + mTransbtV@s@iD, 0DL,8i, numberofelements<D;
chromIH += + NIntegrate@fGradient@uD mTransbtH@u, 0D, 8u, 0, periodlength<D;
chromIV += - NIntegrate@fGradient@uD mTransbtV@u, 0D, 8u, 0, periodlength<D;
chromIH = -360 chromIHê H4 p fpsiH@0DL;
chromIV = -360 chromIVê H4 p fpsiV@0DL;
mTransPathL@d_D := NIntegrate@

Sqrt@H1 + fCurvature@uD mTransFP@u, dDL^2 + mTransFPP@u, dD^2D, 8u, 0, periodlength<D;
RESULTS

ü Kinematics

E0HGeVL kin.EnergyHGeVL b g pHGeVêcL BrHT-mL
0.93826 1. 0.875027 2.0658 1.69603 5.65728
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ü Lattice Sequence

QuadF Drift1 Dipole Drift2 QuadD QuadD Drift2 Dipole Drift1 QuadF

Name Type x = LengthHmL h = CurvatureH1êmL k = B'êBrH1êm2L e = AngleHradL
QuadF 3. 0.25 0. 0.565685 0.
Drift1 1. 1. 0. 0. 0.
Dipole 2. 2.5 0.0465421 0. 0.0581776
Drift2 1. 1. 0. 0. 0.
QuadD 3. 0.25 0. -0.565685 0.

CircumferenceHmL Periodicity Period LengthHmL Symmetry
270. 27 10. True

ü Transfer Matrix (versus t and d)

i
k
jjjjjjjjjjjjjjjjjjjjjjj
0.0690362 16.6103 0. 0. 0. 1.55584
-0.0599165 0.0690362 0. 0. 0. 0.100134

0. 0. 0.0220353 3.08564 0. 0.
0. 0. -0.323925 0.0220353 0. 0.

0.100134 1.55584 0. 0. 1. 0.103409
0. 0. 0. 0. 0. 1.

y
{
zzzzzzzzzzzzzzzzzzzzzzz

ü Global Parameters (versus  d)

yHHoL yVHoL nH nV QH QV
86.0414 88.7374 0.239004 0.246493 6.4531 6.6553

xH-Diff. xV-Diff. xH-Int. xV-Int. aP gT
-1.24117 -1.2222 -1.24649 -1.15779 0.0270754 6.07732
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ü Plot of Lattice Functions (versus  d)
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ü Table of Lattice Parameters (d = 0)

# sHmL nH nV bHHmL bVHmL hHmL
0 0 0 0.0127386 16.072 3.20527 1.64176
1 0.25 0.00241808 0.0127386 16.072 3.20527 1.64176
2 1.25 0.0139417 0.0546428 11.8893 4.60595 1.40681
3 3.75 0.0673267 0.110602 4.82964 11.4401 0.966022
4 4.75 0.107302 0.122583 3.35192 15.4549 0.847553
5 5. 0.119502 0.125097 3.21718 16.0103 0.832788
6 5.25 0.131702 0.127612 3.35192 15.4547 0.847553
7 6.25 0.171677 0.139593 4.82964 11.4391 0.966022
8 8.75 0.225062 0.195566 11.8893 4.60423 1.40681
9 9.75 0.236586 0.237488 16.072 3.20374 1.64176
10 10. 0.239004 0.250233 16.6501 3.0849 1.67122
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ü Plots of general Parameters versus d
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ü Beam Envelops versus d and Period Length
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